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Fig. 11. Bone dragon. In addition to the simulation algorithm, another difference between ABD and Bullet is the collision detection. ABD allows triangle-level
collision detection to capture local contacts between fine geometries. Bullet is mesh-based and relies on convex decomposition of the model. In some cases,
the decomposition is not accurate enough to approximate concave shapes. This figure shows one of such examples. Both bone dragons and rock spikes are

sharp and concave.

non-intersection, applying directly to those meshes. This means
that control of resolution and so quality is available via standard,
well optimized geometry pipelines, e.g., mesh decimation. Bullet,
however, requires pre-processing to convert all input meshes into
convex decompositions. In turn Bullet will then simulate these de-
composed, simplified models as proxies, resolving collision handling
on them, for each rigid body’s surface rather than the original mesh.
Bullet users often use V-HACD [Mamou et al. 2016], an automated
library for computing convex decomposition, for this process. Utiliz-
ing libraries like V-HACD, can be a slow and often time-consuming
iterative process to hand-tune quality parameters in order to ob-
tain a reasonable geometric approximation and resolution. Even
so important features can be lost while details and symmetries are
often unnecessarily broken. Here, we demonstrate a comparative
example of utilizing detailed, bone dragons in Fig 11 dropped on a
highly featured geometry. After careful hand-tuning of V-HACD
parameters, we present in Fig 11 right the resulting simulation us-
ing our best resulting V-HACD proxies. Here we see the convex
decomposition geometry is still insufficiently detailed to capture
local collision behavior between sharp asperities and convexities. In
contrast, in Fig 11 left, ABD directly simulates the detailed geometry
with tight tolerance so that all the original input meshes’ detailed
affordances are kept. In turn, we see that this allows the dragons’
concavities to tightly entangle and also slide directly onto and be
caught by the sharp points — all while remaining intersection free.

The Bullet library also incorporates a mesh-based contact-resolution

collision-resolution (non-default) option with GImpact. In all the
tests we performed, GImpact produces large interpenetrations and
pass-throughs, even under a highly conservative time step sizes
(e.g., At = 1/1000).

5.4 Joint Constraints are Linear for Affine Bodies

An additional benefit of ABD is convenient constraint handling -
especially for the those prescribing rotational DOFs. For instance,
it is common to require multiple objects to obey a given kinematic
relation following the joint connecting them. Such constraints are
often nonlinear as they are formulated from rigid body rotational
DOF. Enforcing them would then require computing the derivatives
of the rotational DOFs (either via constrained Lagrangian methods
or generalized coordinates). Here relaxation from rigid to affine also
eases the processing of these constraints.
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It is known that a non-degenerate tetra-
hedron uniquely defines an affine trans-
form. This suggests our generalized co-
ordinate g can be mapped to any linear
tetrahedron. From this perspective, an
affine body simulation can also be viewed
as a single-element FEM (with a simpli-
fied strain energy). The geometry of this
element however, can be setup flexibly
even if its position deviates away signif-
icantly from the object. Let ¢ denote the
map between ¢ and this virtual tetrahe-
dron such that ¢ = ¢(P). P € 3 stores
the deformed vertex positions pi, p2, p3, and py4 of the element.
Given its rest shape position P, one can easily verify that:

T
B = ¢ (pi—p)lvec PRTEPT)T L (13)

i

Fig. 12. ABD constraint
handling. An axis con-
straint becomes linear and
can be easily enforced in
ABD framework.

Here, vec(-) denotes the vectorization of a matrix. Since P is given,
we could use vec(P) as the new generalized coordinate of the sys-
tem. Clearly ¢ is a linear function of P. d¢/3p; only depends on P.
Therefore, the Jacobi of the system remains constant:

9x; ¢ ¢ 3x12
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Fig. 13. Constrained simulation. Prescribing rotation freedom in ABD is
convenient. We visualize the generalized coordinate as a virtual tetrahedron,
and most rotational constraints are linearized. We show two examples of
such simulation in this figure. Both pendulum and octopus tentacles are
made of multiple bodies connected via hinge joints. ABD remains signifi-
cantly faster than rigid-IPC: ABD achieves a 371x speedup for the pendulum
and a 28x speedup for the octopus.

In practice, we exploit the fact that P could be any tetrahedron
to manipulate such constraints intuitively. For instance as shown
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Fig. 14. Hybrid simulation. ABD is particularly convenient for simulating hybrid object with both rigid and deformable parts. Both the barbarian ship (225K
triangles, 341K edges) and helicopter (116K triangles, 176K edges) are such hybrid objects with a rigid main body appended by several deformable parts
(canvas, rotors, and wheels). We use standard neo-Hookean FEM to simulate deformable parts, which are constrained to the virtual tetrahedron corresponding
to the rigid body. Due to the involvement of massive DOFs from deformable parts, the simulation uses about 16 sec for one frame under At = 1/100 sec.

in Fig. 12, the gear is constrained to rotate around a prescribed
axis (blue dash line). In ABD, we map q to a tetrahedron and make
sure that one of its edges is parallel to the rotation axis. The axis
constraint can then be simply posed as a linear equality constraint
fixing two vertices of the edge that is parallel to the axis (p2 and
P4 in the figure). Indeed, such formulation is over-constraining as
it eliminates six freedoms instead of two (we should also allow p;
and p4 to move along the edge). However, this hypothetical “over-
constraint” still gives correct simulation because ABD has more
DOFs to simulate than a rigid object. Other constraint types can be
resolved similarly.

Here we demonstrate two applications with joint in Fig. 13. The
pendulum is a simple mechanism with two rigid links constrained
by a hinge. The octopus has eight tentacles, each composed with
five joints. We also compared ABD with rigid-IPC with these mod-
els. ABD does not only provide a simple formulation but also runs
significantly faster (371X and 28x speedups for the pendulum and
octopus respectively). A more challenging experiment is reported in
Fig. 1, where we simulate a more complex mechanism with a set of
28 gears. These gears are coupled by tooth contacts and shafts (see
Fig. 16). There are 2, 450K triangles and 3, 090K edges on the surface
(i.e., those that could participate in culling and CCD). A component-
wise breakdown showing the inter-connectivity of gears is given
in the right of the figure. As the driving torque is applied at one of
the gear (the one with red arrow), the entire device moves forward.
This simulation is a stress test for simulation algorithm robustness.
Because gear teeth are close to each other, highly localized and de-
tailed CCD is massively used. All rigid body simulation algorithms
we have tested fail in this case including rigid-IPC, MuJuCo, and
Bullet. As mentioned, Bullet requires building a convex proxy for
collision processing, which does not capture the zigzag geometry at
the gear tooth. MuJuCo fails the test even under highly conservative
settings (e.g., very small time step size). Rigid-IPC also fails this
experiment: after the first few steps the Newton iteration loops in-
finitely because the curved CCD is unable to find a usable TOI (time
of impact). ABD simulates this scene without issues. Each frame
takes about 12 sec on the CPU. As the majority of the computation
is in CCD processing, we port our i-AABB algorithm to CUDA, and

here the simulation of the gear set reaches an interactive rate (at 5 -
10 FPS).

5.5 Hybrid Simulation

Another benefit of ABD, when viewed as a reduced single-tetrahedron
FEM, is to simulate models with both extremely stiff (close-to-rigid)
and soft components. While existing rigid-body methods could be
augmented to incorporate such hybrid simulations via coupling,
it is particularly seamless and simple in the ABD framework. In
Fig. we demonstrate a hybrid simulation of two barbarian ships each
with a rigid ship body and two deformable canvas sails. Each ship
has 225K surface triangles and 341K edges. The scene collides the
ships with helicopters that are also hybrid with a rigid body, two
soft rotors, and four soft wheels. There are 116K triangles and 176K
edges on each helicopter. After two ships fall into the glass tank,
five helicopters follow, producing interesting effects combining both
rigid and deformable dynamics. Note that the collision between stiff
and soft bodies can be handled uniformly using the barrier-based
penalties. In these hybrid simulations, the Hessian of elastic poten-
tial on the deformable components are much smaller (by several
orders) than the Hessian of the orthogonality potential (V ), and the
positive definiteness of the global system matrix can be numerically
compromised. Therefore, LLT factorization (SimpliciallLT) may
fail occasionally. In this case, we switch to LDLT Cholesky for each
Newton solve. A possible remedy for increase numerically stability
is to use Schur complement like formulation [Peiret et al. 2019] to
potentially decouple DOFs from affine and deformable components.

5.6 Timing and Breakdown

Detailed timing statistics are reported in Tab. 2. In all experiments,
we uniformly scale the scene to a 1 X 1 X 1 box and set d as 1/1000.
In other words, if the size of the model is around one meter, the
contact accuracy is guaranteed to be less than one millimeter, while
all model trajectories remain intersection free throughout simula-
tions. We report the comparative timing benchmark of ABD and
rigid-IPC under At = 1/100 in most experiments. Normally, rigid-
IPC remains numerically robust under larger time steps. However,
we see its performance is highly sensitive to a larger At. This is
because the underlying curved CCD quickly becomes prohibitive
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Fig. 15. Huge chain net. When the body count increases, the disadvantage of using redundant DOFs in the simulation may become more obvious. Following
this thought, we up scale the chain net to 27, 645 bodies. In this stress test, A-IPC takes about 5 min to simulate one frame on average. The entire simulation
takes about five days with A-IPC. We are never able to finish this test with rigid-IPC. Based on our observation, A-IPC is at least 2, 000X faster than rigid-IPC.

This means it will need several years for rigid-IPC to finish this experiment.

Table 2. Time statistic. Detailed time statistics of our experiments. In most experiments, we tested ABD under three different At settings namely 1/100, 1/50,
and 1/25. # Bdy (number of bodies), # Tri./Edg. (numbers of triangles and edges), At (time step size), # Iter. (average per-frame iteration counts), and Time
(total time for each frame) are the same measures as in Tab. 1. This table also reports computation time used for Hessian assembly (Hess.), total time used for
solving the linear system in Newton method at each frame (Sol.), time used for triangle-level CCD (CCD), time used for building the collision pairs (Cons.),
and other computations (Misc.) e.g., variables initialization, convergence check etc. In many examples (except for the last four examples), we give comparative
timing information of both ABD and rigid-IPC. The GPU FPS is also reported for At = 1/100 ABD simulations.

Test #Bdy | #Tri./Edg. | At (sec) # Iter. Hess. (sec) Sol. (ms) CCD (sec) Cons. (sec) Misc. (ms) Time (sec)
Wrecking ball 1/100 88 117.1 0.023 1 10.3 53 | 47 0.028 | 4.9 0.031 | 2.3 8 | 53 0.14 1 17.6 | 18 Fps
(Fig. 3) 575 14K /20K 1/50 19.4 0.067 160 0.078 0.092 18 0.41
: 1/25 42.6 0.18 444 0.23 0.027 43 1.1
Small chain net 1/100 21140 0.011 | 0.18 612 0.016 | 1.1 0.017 | 0.73 916 0.059 | 2.1 | 143 Fprs
(Fig. 5) 144 63K /95K 1/50 24 0.014 7 0.023 0.023 10 0.07
: 1/25 2.8 0.018 9 0.29 0.032 10 0.08
Big chain net 1/100 13.5 | 169 0.13 | 109 241 | 437 0.41 | 305 0.43 | 388 62 | 1336 0.78 | 944 | 5Fps
(Fig. 6) 673 445K /297K 1/50 24.9 0.25 440 0.82 0.87 83 24
& 1/25 26.3 0.27 464 0.93 0.96 86 2.7
House of cards 1/100 9.8 | 66.5 0.014 | 2.49 24 | 41 0.009 | 5.1 0.035 | 1.1 4146 0.086 | 8.9 | 42 Frs
(Fig.7) 158 336/816 1/50 13.3 0.024 37 0.014 0.043 20 0.13
: 1/25 25.2 0.045 64 0.035 0.074 9 0.24
Screw 1/100 41182 0.0004 | 0.028 0.110.1 0.039 | 2.5 0.039 | 0.096 911 0.087 | 2.6 | 1KFps
(Fig. 8, left) 2 7.9K/5.2K 1/50 3.2 0.0007 0.1 0.068 0.068 10 0.14
! 1/25 5.7 0.001 0.1 0.11 0.12 10 0.23
Arch 1/100 19162 0.002 |1 0.13 2144 0.001 | 0.44 | 0.002 | 0.099 213 0.0087 | 0.67 | 500 Frs
(Fig. 8, right) 101 1.2K/1.8K 1/50 3.2 0.003 2 0.001 0.003 2 0.013
Y 1/25 5.7 0.005 3 0.003 0.006 3 0.022
Pendulum 1/100 41143 0.001 | 0.018 0.110.1 0.003 | 2.5 0.003 | 0.03 111 0.007 | 2.6 | 1K Fprs
(Fig. 13, left) 4 1.3K/2.0K 1/50 4.3 0.001 0.1 0.004 0.003 1 0.009
T 1/25 4.7 0.001 0.1 0.005 0.004 1 0.01
Octopus 1/100 4.6 143 0.012 | 0.071 2105 0.02 | 0.97 0.019 | 0.34 513 0.05 | 1.4 | 333 Fps
(Fig. 13 right) 41 33K /49K 1/50 5.6 0.014 0.2 0.03 0.025 6 0.07
o 1/25 6.7 0.017 0.2 0.04 0.03 6 0.09
Hybrid sim 1/100 16.7 | - 43 | - 4600 | — 351 - 341 - 490 | - 16.4 | — | 0.4 Frs
{Fig. 5.5) ) 19+8 1.1M/1.6M 1/50 19.3 5.8 5311 4.8 4.5 562 21.3
g 2 1/25 25.9 7.9 7083 7.2 6.9 836 30.0
Gear set 1/100 16.7 | - 43 | - 41 - 541 - 6.0 | — 211 | - 11.7 | — | 7.3 ¥ps
(Fig. 1) 28 2.5M/3.1M 1/50 19.3 5.8 4 6.3 7.9 219 14.5
: 1/25 25.9 7.9 6 9.3 11.2 43 20.1
B"(r,‘;’igdrfﬁ"“ 29 | 1.2M/17M | 1/100 6.3 0.003 0.2 2.3 0.56 74 2.8
H“g(;ifgh?‘;; net | o76d5 | 12M/18M | 1/100 14.2 37.2 87 sec 95 94 7.2 sec 310

when searching over wider trajectory gaps. Therefore, we do not
report our speedup over rigid-IPC for any time steps larger than
At = 1/100 sec. For the chain net example in Fig. 6, the literal
speedup exceeds four-orders in general if we set At = 1/25. We do
not push to this comparison by unnecessary tweaking of the time
step size to these extremes.

The primary portion of our performance improvement is gained
by relaxing the rigidity constraint. This can be observed in two
important metrics in Tab. 2: the iteration count (# Iter.) and the
time needed for CCD processing (CCD). Here we see that as long
as the contact frequency in the simulation is intense, ABD always
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requires much fewer iterations to converge than rigid-IPC does. This
difference is “extremized” in the gear set example (Fig. 1), where
ABD needs 17 iterations for each time step, and rigid-IPC needs does
not converge. CCD processing is another major game changer. As
mentioned, rigid-IPC strictly follows the rigidity constraint making
per-step trajectory curved. This curved trajectory is split and con-
verted back to piece-wise line segments again during the CCD. This
conversion is fully avoided in ABD, and one can use any existing
CCD algorithm to detect potential intersection between primitives
and to compute TOL Recall that CCD must be applied at every
Newton iteration in order to ensure line search does not introduce
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Fig. 16. Contact forces at teeth. With the assistance of i-AABB, ABD
efficiently and accurately model the contact forces among gear teeth. This
figure visualizes the force distribution over the gear teeth.

inter-penetrations. Therefore, the performance gap between A-IPC
and rigid-IPC is further scaled by iteration count. Together, these
two factors contribute to 90% of our speedup in complex simula-
tions such as the big chain net (Fig. 6), house of cards (Fig. 7) and
wrecking ball (Fig. 3). In other, relatively lighter simulation experi-
ments, our improved culling and Hessian assembly become more
profitable. Our culling is up to to 90% more effective than conven-
tional BVH-based strategy for models with complex geometry. It is
on average 30% more effective for simpler shapes (e.g., the chain net
or the octopus). In terms of system solve, ABD is typically slower
than existing rigid body methods due to inflated DOFs. However,
this disadvantage is invisible because ABD always enjoys much
fewer iterations and much faster CCD processing. This is our core
inspiration in designing ABD.

Given the above analysis it is reasonable to wonder if increasing
numbers of bodies in a scene would grant a lead to rigid-IPC at a
certain point. To this question we simulate a very large chain net
model with 27, 645 bodies (Fig. 15). Here the result is opposite — we
estimate ABD obtains a ~ 5,000 speedup (on CPU). This is just a
rough assessment as we are unable to finish rigid-IPC simulation
in this stress test, which would require several years to complete
currently while ABD finishes the simulation in five days.

6 CONCLUSION

We have introduced a new, simple affine dynamics model and a
carefully customized, easy-to-implement affine IPC algorithm for
the simulation of extremely stiff materials with fidelity, convergence
and reliability. The resulting method is highly suited for simulating
all scenarios and applications where currently rigid body meth-
ods are now popularly employed without, as we have shown, the
current limitations that rigid body models impose. Here we have
demonstrated that ABD obtains orders of magnitude speedup over
state-of-the-art rigid body simulation with comparable guarantees
of non-intersection and convergence. At the same time we have
also shown that ABD obtains both comparable (for easy examples)
and improved (as scene complexity grows) speeds when compared
with highly optimized rigid body libraries that do not have guaran-
tees and so suffer from artifacts and all-out failures that limit their
automated use. While ABD has demonstrated superior robustness
and efficiency, it is, of course, based on numerical discretization of
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underlying differential equations. Therefore, ABD could and cer-
tainly fail for extreme simulation conditions. For instance, affine
CCD certainly becomes inaccurate if one rotates a rotor blade for
180 degrees within a single time step.

ABD is custom-suited for parallelization, is also differentiable,
and automatically and directly simulates all input triangulated ge-
ometries. We have shown that, when leveraging the GPU, ABD can
simulate complex contacting systems at interactive rates. With these
combined properties it is then exciting to consider future applica-
tions where ABD’s automation, reliability, and differentiability can
be utilized for computational design, machine learning, and robotics.
In these cases consistent, artifact-free simulation behavior across
shape, material and contact variations, without algorithm parameter
tuning, should accelerate development. We have also shown a few
initial, proofs-of-concept for extensions of ABD to both complex,
jointed stiff multibody systems, and to hybrid stiff/flexible multibody
systems. Here there also clearly remains significant opportunities
for further development and application of ABD for jointed and hy-
brid systems. Finally, looking ahead, with the popularity and diverse
applications of physical modeling we hope that ABD will provide
the rapidly growing and diverse community of simulation users
with a reliable, differentiable and exceedingly efficient framework
suitable to swap in for all rigid body-type applications.
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